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1. I~vTR~DuCTI~N 
In this paper we extend the notion of normality in topological spaces to 
fuzzy topological spaces, as introduced in [l]. 
Normality is one of the few separation axioms which can be defined purely 
in terms of the properties of the open and closed sets (i.e., with no mention 
of points). We characterise normality in terms of a “Urysohn” type lemma, 
and in the process construct a fuzzy topological space which plays the 
important role in fuzzy topological spaces that the unit interval plays in 
ordinary topological spaces. 
2. PRELIMINARIES 
Suppose we consider a set X. If we identify a subset A of X with its 
characteristic function xA : X -+ (0, I}, th en we may consider the value of A 
(i.e., xA) at a point x in X as the degree to which x is a member of A. When 
we replace (0, l} by a more general lattice we obtain what is called a fuzzy 
set. More precisely: let (L, <, ‘) be a completely distributive lattice with 
order reversing involution ‘, then an L-fuzzy set on X is a map A: X-L. 
Allowing a more general lattice than (0, I} allows us more degrees of member- 
ship in a set than “is a member” and “is not a member.” The most important 
example may be when L is the collection of subsets of a set with a probability 
space structure. 
Throughout this paper we shall consider an arbitrary but fixed lattice 
(L, <, ‘) of the above type. We define the union, intersection and complement 
of fuzzy sets as follows: 
x E X. 
A’(x) = A(x)‘, XEX. 
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We define a fuzzy topological space as a pair (X, T) where X is a set and T 
is a collection of L-fuzzy sets closed under arbitrary union and finite inter- 
section. A set is called open if it is in 7, and closed if its complement is in T. 
If (X7 4 and (Y, 4 are fuzzy topological spaces, then a map f : X--f Y is 
said to be continuous if for every T2 open set u, f-l(u) E T1 , where 
f-l(U) (4 = U(f(4) for zc E X. 
The interior and closure of fuzzy sets is defined in the obvious way (see [l]). 
3. NORMALITY AND THE FUZZY UNIT INTERVAL 
DEFINITION 1. A fuzzy topological space is normal if for every closed set 
K and open set U such that K C U, there exists a set V such that 
It turns out that the fuzzy topological space we need to prove the equivalent 
of Urysohn’s lemma is the following: 
DEFINITION 2. The fuzzy unit interval [0, l](L) is the set of all monotonic 
decreasing maps X: R + L satisfying: 
(1) x(t) = 1 for t < 0, t E R, 
(2) A(t) = 0 for t > 1, t E R, 
after the identification of h: IR -+L and CL: R+ L if for every t E R 
h(t-) = p(t-) and X(t+) = p(t+) (where A(t-) = inf,,, X(s) = limsft h(s), 
etc.). 
We may define a partial ordering on [0, l] (L) by h < t.~ if for every t E R 
W-) < p(t-> and A@+) < p(t+). W e may embed the unit interval in the 
fuzzy unit interval by identifying I E [0, l] with the map R: aB -+L where 
R(t) = 1 for t < T and R(t) = 0 for t > r. 
We define a fuzzy topology on [0, l] (L) by taking as a subbase 
{L, , R, 1 t E rW} where we define 
L,(h) = A(t-)‘, R,(A) = A@+). 
This topology is called the usual topology for [0, l] (L). {L, / t E R} and 
{Rt 1 t E R} are called the left and right hand topology, respectively. 
Note that these really are topologies and that [0, l] (L) and its topology 
reduces to [0, l] and its usual topology for L = (0, l}. 
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THEOREM 1 (Urysohn’s lemma). A fuzzy topological space (X, T) is 
normal if and only if for every closed set K and open set U such that KC U, 
there exists a continuous function f: X -+ [0, l] (L) such that for every 
XEX 
K(x) <f(x) (I-) <f(x) (O+) < U(x). 
Proof. (+) Since 
K(x) <f(x) (I-) <f(x) (O+) < U(x), 
we have that for any t E (0, 1) 
0) d f (4 (t+) < f(x) (t-) d U(x). 
Now f-l&‘) (x) = f (x) (t-) and f -l(R,) (LV) = f(x) (t+). Since f is 
continuous we have f -r(&‘) is closed and f-l(&) is open (see [l]). Hence 
K c f -l(R,) C f -l(Lt’) C u, 
that is (X, 7) is normal. 
(3) Conversely; construct {V, / r E (0, 1)) so that K C V,. C U and r < s 
implies Vs C VT0 (see for example [3]). Define f(x) (t) = V,(x). Clearly 
K(x) <f(x) (I-) <f(x) (O+) < U(x). 
Now 
is open and 
f-W) = u (VT) = u VT 
z>t r>t 
f-Y-5’) = n (VT> = r) VT 
Tit r-0 
is closed. Hence f is continuous. 
We note that perfect normality also has a natural generalisation to fuzzy 
topological spaces. 
DEFINITION 3. A fuzzy topological space is perfectly normal if for every 
closed set K and open set U such that K _C U, there exists a continuous 
function f: X -+ [0, I] (L) such that for every x in X 
K(x) =f(*) (I-) <f(x) (0+) = U(x). 
THEOREM 2. A fuzzy topological space is perfectly normal if and only if it 
is normal and every closed set is a countable intersection of open sets. 
The proof is a trivial consequence of Theorem 1 and a generalization of 
the usual topological proof. 
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4. PROPERTIES OF THE FUZZY UNIT INTERVAL 
We now describe some of the properties of the fuzzy unit interval. In 
particular we show that under certain lattice conditions the fuzzy topology of 
the fuzzy unit interval is like the topology of the ordinary unit interval. 
THEOREM 3. Let (L, f, ‘) be a completely distributive lattice with ortho- 
complement. Then there exists a natural 1 - 1 correspondence between the open 
sets in the usual topology for [0, l] and the open sets in the fuzzy topology for 
[0, I] (L) which p reserves arbitrary unions and finite intersections. 
Proof. 
(1) Each open set in [O, I] can be written uniquely as a union of non- 
empty disjoint open intervals (Ji (ai , bi), (allowing ai E [0, I] u {-a} and 
&E [0, I] u {+cc) and interpreting (-co, 6) as [0, b), etc.). Define a 
map 4 from the topology of [0, I] to the topology of [0, I] (L) by 
#J (U (ai, 4) (4 = V (G-t) A Wv-)‘). 
i z 
4 is obviously well defined. 
(2) +is l-l. 
If R is an element of [O, l] (L) representing r E [O, 11, then $(U) (R) = 1 if 
Y E U and $(U) (R) = 0 if r $ U. But U # V implies there exists r E [0, I] 
which is in one of U or V but not the other, and thus 4(U) (R) # (b(V) (R). 
Hence d(U) i+(v). 
(3) 4(u f-7 VI = W> n W>. 
Let U = u (ai , bi) and I’ = u (ci , dj). Then 
U n V = u [(ai , bi) n (cj , dj>] 
i.j 
and each of (ai , bi) n (cj , di) is disjoint. Hence 
M(U) n W’)] (A) = V P(ai+) A We)’ A %+) * W-)‘I 
= ‘;; [h(ai v c,+) A h(bi A d,-)‘] 
= i;U n V) (A). 
Since if (ai , bi) n (cj , d,) = 4 then b, A dj < ai v Cj and thus 
h(ai v cj+) A h(bi A dj-)’ = 0. 
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Otherwise 
(Uj , bj) f-l (Cj , dj) = (Uj v cj , b, A d,). 
(4) d(Ui Ud) = At d(Ud. 
Firstly in an orthocomplemented distributive lattice L, if 01, /?, y EL and 
ar>/?>ythen 
This is because 
(a A j?‘) v (/I A y’) = a A y’. 
(a A 8’) V @ A Y’) = (‘J V P) A b V 7”) A @ V p’) A (B’ V I”) 
= OL A (a V y’) A y’ 
= OL A y’. 
Now let U = (a, b), V = (c, d). Then +( U u V) = d(U) u 6(V). This is 
trivially true if U n V = qS or U _C V, so without loss of generality 
u < c < b < d. Let e be such that c < e < b. Then 
[4(u) U $(v)] (A) = [A@+) A A@--)l V [A@+) A @--)‘I 
2 [+S) A @>‘I v [Ah(e) A W-Y1 
= h(a+) A h(d-)’ 
= qb( u u V) (A). 
The other inequality is trivial. 
Hence by simple properties of the real line we obtain 
$ (i Ui) = &vd for ui 
an open interval. 
Now to prove the general case. Let Vi be any open set in [0, I]. Consider 
any open interval (a, b) in Ui U, , and closed interval [c, d] _C (a, b). By the 
compactness of [c, d] we may find a finite subcover of open intervals, each 
contained in some Ui . By the result for finite unions of intervals we have 
$(c, d) _C vi 4( Vi). Let c converge down to a, and d converge up to b. Complete 
distributivity implies that h(c+) A A(d-)’ converges up to h(u+) A h(k)’ 
for h E [0, I] (L). Hence +(a, b) _C Ui #(U,), and by the definition of 4 we have 
+(U Vi) C Ui $( U,). The opposite inclusion is trivial. 
(5) q3 is onto. 
The set {#a, b) ( a, b E [0, I] u {+ co, -co}, a < b} forms a basis for the 
open sets of [0, l] (L), and ((a, b) 1 a, b E [0, l] u { + co, -a} a < b} forms a 
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basis for the open sets of [0, 11, Hence by (4) {+(U) [ U open in [0, l]> is the 
topology of [O, I] (L). 
COROLLARY 4. Let L be a completely distributive lattice with orthocomple- 
ment. Then any statement properly phrased purely in terms of open and closed 
sets which is true for [0, l] is also true for [0, l] (L). 
COROLLARY 5. Let L be a completely distributive lattice with orthocomple- 
ment. Then [O, l] (L) is perfectly normal. It is compact in the sense of [l], [2] 
and [4]. It is also connected in the sense that zf U is a fuzzy set which is both 
open and closed than U = $ or U = [0, l] (L). 
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